Kpvrtoypapia

Movodpopes GUVOPTHGELS - ZVUVOPTIGELG GHVOYNG



[Tepreyopeva

G Movoddpopeg Zuvaptoelg

© >vvopriiceig chvoyng (hash functions)

© Aévdpo Merkle



2VVOPTNGELS LOVOOPOLES 1] LoV G-KaTehOvvon ¢ (one-way
functions)

P Zuvaptnon mov ivol EDKOAO Vo VTOAOYIoTEL, OAAGL “OdVGKOAD” Vo
OVTIOTPOPEL

P> Amopaitntn tpodndHeon Yo KPLATOYPAPia 1O1OTIKOD KAELO100

P> 'evvtpieg yevdotuyotdtntog facilovor otnyv vwodeon vrapéng
LOVOSPOU®MY GUVOPTHOEDV

> Me apeintéa mOavoTnNTo UIToPd VO OVTIGTPEY® Uit LOVOSpOUT
cuvaptnon

> Me eEavtintikn avalntnon (exBeticd ypdvo) UTop® Vo avVTIOTPEY® Lol
LOVOdpOLN GLUVAPTNON



Movodpopeg ZuvapTioELS

‘Eoto cvvaptnon f: {0,1}* — {0, 1}*.

Opilovpe yo k60g akyopiOpo A kot kabe mapdpeTpo acPareiog n to

Isipapa avriorpeyipoTntag /nvert 4 (n)
1. Awdhke&e x < {0, 1}". Yrokdywoe y = fx)
2. O A pe gi6080 10 1" Ko 10 y eMOTPEPEL TO X

3. H éEodog givar 1, av flx') = y, oAhidg 0

IMopatipnon: Ae yperdletar vo. Bpodue 1o 610 10 x, GALG omoadmoTe X/, ..

) =y = flx).



Movodpopeg ZuvapTioELS

Opiopog
Mia ovvaptnon f: {0, 1}* +— {0, 1}* givon novédpoun ovviptnon av givor:
1. (Evkola vrmoloyioym) Yrapyer moAvmvoutkod xpovov akyopibuog My
mov TV voAoyilel, nA. My(x) = f(x), Vx
2. (Abokora avtiotpéyiun) T'o kGOe PPT akyopiBuo A vrapyet apeintéo
GLVAPTNOMN € £TOL OOTE:

Pr{Inverty f(n) = 1] < €(n)

ITo avoivtikd,

Pre 013 [A("Ax)) € 7 (fx))] < e(n)



Movodpopeg ZuvapTioELS

[Mopatnprioeig:

1. Mw cvvaptnon mov dev eivat povodpoun dev gival amopaitnto va
avTIoTpEPETaL TAVTO €0KOAN (1] “ouyvd’™).
[Ly. ov vEapYEL AVTITOAOG TTOVL AVTIGTPEPEL L0 GLVAPTNGOT LE
mOavomto 710 y1a Hhovg dptiovg 7 (GALE OOTVYYAVEL Y10 TOVG
Hovovg), tote dev elvar povodpopn.

2. Av &yovpe exBetid ypovo, TOTE av Hog divetat £va y Kol 1 TAPAUETPOS
acpalreiog 17, tote pmopovpe vo dokipdoovpe OAa ta x € {0, 1}, péypt
va Bpodue éva x, této10 dote fx) = y.



Movodpopec Metabéoelg

Mua cuvaptnon Aéue Ot daznpei to wikog av | fx) |=| x |, Vx.
Opiopog
Mo, povodpopn cuvapTnon mTov dlatnpel To unKog kat givor 1-1, givan puo

Hovoopoun uetdfeon.

H 1 y xabopiletl povadikd to x amd to omoio mponAbe. [apoia avtd givar
d0oKOAO VO BPOVLLE TO X € TOAVOVVLUKO YpOVO.



Ymoymoeleg LovOSPOUEG GUVAPTNCELS

Yrhpyovv LovASPOLES GUVAPTNGELS e TNV TPoUTOOeoN TG KATOl
TpofAnuarta gival S0OKOAW, T.). TAPUYOVIOTOINGT AKEPAI®OY
Mopadeypa 1
St (X,7) = xp, OpOG pe peyAn mbovoTnTa, T0 aToTELESHA GPTIOG, OTOTE TO
(2, xy/2) eivar avtiotpopog. Me meplopiopd, ivar povodpoun:

Lo fouie(x,¥) = (xp, x|, [y]), (evodhoxTikd, x, y éxovv {810 piKkog)

2. x,y mp@TOL 0p1Opol {50V URKOLE

Hapaocrypa 2

H ovvaptnon f(x1, ..., Xu, J) = (X1, .oy X, ZjGij)’ 6mov kdbe x; givar évog
aképatog karJ C {1,2, ..., n}. Ebpeon avtiotpogov givat 1o yvooto
NP-m\peg npdfinua Subset Sum. Eivar povodpoun;



Ymoynoeleg povodpoueg Letabécelg

Hoapdoerypa 3
‘Ecto évag mpdtog apiBudg p pikovg #-bits kot £vag yevvitopag g € Z,,.
‘Eoto éva otoyeio x € Zj. Opiovpe

Jpg(x) =g modp

» H cvvdptnon avtn dtatnpel to unkog Kot givan 1-1, dpo petddeon.
» H dvokoAia avtiotpong ¢ PacileTar 6t duokoiio TOL TPOPANIATOG
dtakpitov Aoydpiopov.

paktikd cuetuata, 6tmg to AES, divovv povodpopeg cuvapTioELg, Ty, Ue
v vdBeon 6Tt eivarl yevdoTuyaio LETAOEST.



Movodpopeg ocvvaptnoelg katamaktig (Trapdoor one-way
functions)

Movbddpopeg cuVaPTAOELS TTOL £ival SDGKOAO VO, AVTIGTPAPOVV, EKTOG KOl OV
EEPOVLLLE KATTOLO PVGTIKO, TNV Katamakty (trapdoor).

Mopaoerypa

‘Eoto N = pgq, 6mov p, g peydrot tpdtot apiopof.

H cvvépmon fy(x) = x% mod N eivan pia povodpopun petédeon e
KOTOTTOKTY].

Boaoiletar otnv duckolia gvpeong teTpay@vikdv piidv mod N, yio chHvOeTo
N, ek1d¢ Kal oV EEPOVLLE TNV TOPAYOVTOTOINGT TOL.

I'voot) og povodpoun petabeon Rabin (kpurntocvotnpa)



Xvvaptoelg ovvoyng (hash functions)

P> ['VvOoTég Kol OG GLVOPTIOELS KOTOUKEPLOTIGLOV.,
P> INUOVTIKEG 1010TNTEC:
> Sounieon b X — Y, |¥] < |X].
Sombag X = X*, Y = X7, dnhadi n £(x) €xel cuykekpylévo piKog yio
0oL dNTOTE €GOS0 X.
> Evkolio Yroloyiopon O vrokoylopdg Tng g A(x) yio kémoto x yiveton
“gOKoA0”. ANAadn VILAPYEL AAYOPIOLOG A TOAVOVLLKOD XpOVOV, £TGL
dote Yo kGOe x va woyveL i(x) = A(x).
> Muw cvvéptnon cvuvoyng opilet oyéon oodvvapiog:

Avo croygeio oty i1 KAAoT 1odvvapiog AEpe 0Tl TPOKOAOLY
cvykpovaon (collision).



Yvvaptoelg cuvoyng (hash functions): emBountéc
1010TNTEG
‘Eoto hash function 2 : X — Y. H h éyeu

1. Avtictoon mpdtov opiclartog (preimage resistance), av ywy € Y eivon
VIOAOYIoTIKG dVGKOAO Vo Bpebel x © X 1.d. /i(x) = .

2. Avrtiotoon dgdtepov opiopartog (2nd preimage resistance), av yio x € X
givat vVTOAOYI6TIKG SV6KOAO Vo, Bpebel v/ © X T.d. v # ¥/ ko
h(x) = h(x').

3. Avckolia gvpeong cuykpovoemv (collision resistance / freeness), av

gtvar vroloyoTikd d0okoro va Bpebovy x, X' © X étol dote
h(x) = h(x').

AA\o ovoparo: yia to (2) weak collision freeness, yia 1o (1) non-invertibility.
Zepd oyvoc: (3) = (2) = (1) (vrd Tpodmobicerg).

One-way hash functions (OWHFs): (1) & (2).
Collision-resistant hash functions (CRHFs): (1) & (2) & (3).



Xvvaptoelg ovvoyng (hash functions): mapadeiyporo,

1. flx) = (x* —¢) mod p: dev eivan povig katedBvuvong apov 1 edpe
TETPOYOVIKOV P{®dV 670 Z), eivar Suvaty 6 TOADMVVUIKS XPOVo.

2. o(x) = x? mod n, n = pgq, p,q KPLEOL: AVTIGTAGCT TPOTOL OPIGUATOC,
OAAG Oy avTtioTaon debTepov opiopatog (Yiati;), ETOUEVEC dev elval
CRHF.

3. h: Z2 = Ly, hlx1.x0) = o 3% mod p, p, g mpatol, p = 2q + 1, a, B
ysvvnropag rou L.

Eivar yvoom o¢ m)vdpmcn ovvoyng Chaum-van Heijst-Pfitzman ko
eivar CRHF av woyve  Yndbeon Atokpirod Aoyapibpov om Zj,.



Enibeon tetpayoviknig piCag (ITapddoo I'eveOriomv)

Oempnua

Eotw ovvdptnon obvoyns h : X — Y kou n h(x) € Y axolovOei opoiduopen
razovour mbavotyrag otov 1 x € X axolovbei ouoropopon xazovousn. H
mBovotnto va. fpebel oOYKpovon UETE OO TOYOLO ETIAOYH X1,X2, - - . , Xj ELVAL
nepimov & otov k = 1.17\/n, émov n = |Y).

AmooEIEn

NoColl;: dgv éyovpe chykpovon ota {y1, 2, ..., Vi}

"Exovue NoColly av NoColl; yio Oha tor i < k, dnhadn|

Pr[NoColly] = Pr[NoColl,|Pr[NoColls|NoColly] - - - Pr[NoColly|NoCollj_1]
» Pr[NoColl;] =1

> Av ovppaiver to NoColl;, 16te | mBavOTNTO VO GUYKPOVGTEL TO Vit 1 LLE
, , i
0. TPON YOV EVDL Efvar -



Enifeon tetpaywvikng pifoag (Ilapadoo I'eveBriwv)

amodEIEN — GLV.

—1)...(n—k+1 — J
Pr[NoColly] = nin 1) /(’] 1) - H(l - i)
nk

Ioyoer Vx € R, 1 4+ x < €, ondte:
i1 Zf—‘:lli k(k—1)

Hzl( )<H1162: " =e » =

k(k—1)

Pr(Colly] > 1 —e =




Enibeon tetpayoviknig piCag (ITapddoo I'eveOriomv)

amoOdEEN — GULV.
k(k—1)

Pr[collk} 2 1 — ei 2n

lNo va etvon emopévag n mhavotta cHyKpovong TOVALIGTOV p OPKEL:

1— e 5" >p=In(l-p) > KL =k — k= 2nln 35 >0

Avvovtog og Tpog k: k> 1 -+ \/m

T p = § mpoxvmterk > 1.17/n + 1. T n = 365, k > 23.

Inuovtikn epappoyn (Heta&d dAlmv): pébodog mapayovioroinong p



Embéoeig yevebriov

> Svumépaopa, av i : {0, 1} — {0, 1}, 1618 av mapw k = O(2//?) tyoio
otoyeia and to {0, 1}*, n mbavoémra va £xo cdykpovon givor 1/2
> Awpopd 2!, 2!/2 sty mpdén: Yo aopddeta 128 bits, pémet n cuvapTnon
hash va 6ivel €060 256 bits.
P> Advvapiec enifeong yeveBiimv (Yo Tov emTIOEUEVO):
1. tuyaieg Tpég pmopel va givar dypnoteg
2. 1eTpayovikd mAfog cvykpicenv, moavmiokodmta O(2/) ;
3. amoyopevTIKa LeyaAog xHpog



Embéceig yevebAiov pe emieypéva unvouoto,

> Emoyn tov pnvopdtov: Ot TiéG mov divoupE Yo voL TETOYOVLE
GUYKPOLOT|, LTOPOHV Vo £XOVV GYECT] LETOED TOVG, Y10t TAPAOELY LA 1)
Alice amolvetar kat 0€let va Bpet dHo unvopato x kot x’ €161 doTE
H(x) = H(X), émov 1o mpdTo Aéel Toug Adyoug Tng amdAvong e, EVd
TO JEVTEPO EMAVETIKA AOY1QL.

> Oudyvovpe k = O(2/2) umvopata amd Tov TpdTo THIO Ko dAA TOGA
oo T0 O€VTEPO KL TIG EIKOVES TOVC.

“Eivon dvokolo/aniBavo/crdavio vo Bpels o To60o
OTOSOTIKN/EPYATIKN/QIAGTIUN VTAAANAO cav TV Alice. H dovAeid tng givat
KOTOMANKTIKT/0G0YKPLTH/TPOTOTOPLOKY.”

> A6 Tapdadolo yevebhiov Exovpe KOAN TOOVOTNTA VO TETOYOVUE
GUYKPOLOT] LETAED UNVOUAT®V TOV dV0 TOTTMV.

> Ouwc: To TpdPANLA TOV PEYAAOL YDOPOV TOPULEVEL.



Beltiopévec embéoeic yeveOliomv

Mo Tpmtn 16a:

Enifeon yevebAiov ypappikod mAndovg cuykpicewmv
1. TTape tuyoio apykn T xo ko yo i := 1,2, ... vtoAdywoe x; = H(x;—1)
2. ZOYKPIVE X; IE Xg|togi| - YPOLUUIKO TANOOG GUYKpicE®Y.
3. E&qynon: x; = x; = Vk > 1, x4 = Xj44
4. H ovykpovon x; = x; Oa evtomiotel to apydtepo otny 0€on xy;. (L1ati;
Aoknon!)

Mmopei va vionomBel o€ otabepd ydpo: kabe popd ypelaldpacTE POVO Ta
Xi, XQ\Ing‘ .
Mia akoun ToyvTepT enifect otabepov ¥pOVoL TEPYPAPETUL TAPUKAT®.

On 1d1eg 1B6€eg epappoovton kar oty [EHOSO TOpayOVTOTOiNGNG p.



Beltiopévec embéoeic yeveOliomv

EniBeon yevebAiov otabepov ydpov
1. Tape toyaio apykn Ty xo Ko yio i > 0 vrohoyioe x; = H(x;—1) Ko
X2 = H(H(x2(i71)))
2. Xe k@0 emavainym éleyEe x; L x9;. Eav {oa, 101 wa&e amod 1o xg £0¢ T0
Xi—1 Y10 GUYKPOLOT).

3. Bpeg 10 pKpOTEPO j MOTE X; = Xj4; KOL TOMWOCE TOL Xj_1, Xjpi—1



Beltiouévee embéosic yeveO imv
AAlyopBpog Enibeong IN'evebhiov Xtabepov Xmpov

Eicodog: Xuvaptnon covoyng H : {0, 1}* +— {0, 1}
"E€odog: x # X/, ue H(x) = H(x')
xo + {0, 1} X =x =xp
for i=1,2,...do :
x = H(x)
x'=HHX))
I dpax = H (xp) kan x’ = H?) (xg)
if x = x break
X =x,x=xg
for j=1—ido :
if H(x) == H(X) return x,x’
else x = H(x),x' = H(x')
I dpa x = HY (xg) kawx’ = HUH) (xp)

> Y100epog ydPOG: dVO GTOLKEL X/, X2;.
» Emtoyia pe mbavomroa > 1/2 oe ©(27/2) pruara.



Beltiopéveg embéaeig yevebiimv

Afjppa
Eotw X1, . . . , X4 N akolovbio Ty pe X, = H(xp—1). Av x; = xy, ue
1 <1< J < g, tote vrapyet éva i < J t€1010 doTE X; = X3!

AmooEIl.
H axoiovBia x7, X711, . . . emovarapupdveton pe mepiodo A = J — 1. An. yuo
kabei > Ixonk =0,1,..., &ovue x; = X;1;A. Eoto i 1o pikpdtepo

moAamAdcto Tov A Tov eivon peyoldtepo 1 ico tov 1. Eyxovue i < J (ywori;).
Emedn i > I, 10 2i givon moAAamAGG10 TOL A, £XOVUE X; = X2



BeAtiopéveg embéoelg yevebAimv pe emAeypéva unvouota,

Optoe g: {0,1} — {0, 1}*, 6mov 1o televtaio bit Seiyvel mord mpdTacn Oo;
emeyel Ko To vToAouTa ol AEEN.

IMopaderypa

0: Bob is a good/hardworking and honest/trustworthy worker/employee.

1: Bob is a difficult/problematic and taxing/irritating worker/employee.

g(0000) = Bob is a good and honest worker.
g(1011) = Bob is a problematic and taxing employee.

> Opilovpe flx) = H(g(x)).
» Omnolednmote cvykpovon x,x’ oty 1 divel dvo punvipata g(x), g(x’) mov
GLYKPOVOVTOL.

» H mBoavotra va givar pnvopota S1popeTKoy TumoL givar 1/2.

P> Av givar id10v TOTOV, EXAVOAUUPAVOLLLE.



Enéktaon cuvaptnoe®mv chHvoyng

Merkle-Damgard Hash Function Extension

‘Ecto 4 pio cuvaptnomn cdvoyng mov anetkoviletl 0000 pnkovs 27 o€ ££000
unkovg 7. Kataokevdlovpe o cuvaptmon covoyng H petafAntod uinkovg
OG EENG:
> H: ue gicodo éva string x € {0, 1}* pAkovg L < 2™
1. ®éce B = [£] (miBog block Tov x). (Ipdobece pndevikd 6o x GoTe T0
pnKog va givol ToALOTAAG10 TOL 1) (X = X1, ..., Xp). Oéoe xp1 = L (to L
dvadikn avomapdoTacn)
2. ®¢oe zg = 0" (Initialization vector)
lNoi=1,..,B+ 1, vrohoyioe 10 z; = h(zi—1||x;)
4. "E€0d0c: zp+1

£



Koraokevr Merkle-Damgard

T T JIB XBT =L
zp = V4 1 zZ9 ZB HS(X)
> hS hS > PN > hS hS >

Yynuo: Merkle-Damgérd



Enéktaon cuvaptnoe®mv chHvoyng
Oeopnuo

Av n ovvaptnon advoyng h givar collision resistant, tote ko1 § H mov
razookevaleror ue ™ uebodo Merkle-Damgdrd sivou emiong collision resistant.

AmooEl.

Botox' =x)..Xp X =X1..% : Xp_ =L, xpp1 =L, pe H(x) = H(').
Tote £yovpe 600 TEPUTTOGELS:

1. L # L', ondte oto tehevtaio Prpa sivon zg1 = h(zg||L) xou
Zy 1 = h(zZy||L'), dpa cvykpovon oV A, apod Ta strings zp||L kot
Zp ||L" givon Sropopetikd.

2. L =1L onote B= B .Ecto 20, . . . , Zg+1 Ol TYEG TTOL TAPAYOVTOL OUTTO
mv H(x), ko I; = z;—1||x;, Ip+2 = zp+1. Eoto N o peyakdepog deikng,
dote Iy # Iy (umdpyet;). Apod o N péyiotog, éxovpe Iy 1 = Iy,
(Wb zy = z). AMG To1E T Iy, I, €lvan cOykpoven oty .

]



2UVOPTNGELS GOVOYNG: LEPIKES KO TTAPATPNGELS

> Oumo didonpeg cvvaptnoelg, MDS kot SHA-1 otnpiloviat og npaéelg
mov Bupilovv coppeTpikn kpurroypagio (rotation, XOR, tpodcbeon
mod23?, Svadikég mpaéelc) kou oty katackevi] Merkle-Damgérd.

> Yréotnoav eviotikég embéoeic (emibeon yevebliowy k.4.). H MDS dgv
Oewpeiton TAéov aocpoing, 1 SHA-1 avtikatactddnke and v
(owoyéveln) SHA-2, evd éxet avamtuydei kou 1 SHA-3 (Keccak).



Aévopa Merkle

P> ‘Evag ypnotng 0éAet va avePdoet apyeio x o€ évav server.

P> Otav 10 KotePdoet, BEAeL va eAéyEet av givar To 1010.

> Avon: amobnkevet tomkd 1o £ = H(x), kot dtav katofalet to
{nrovuevo apyeio X’ eléyyer H(x') L.

> Av &yel ToAAG apyeia; Yapyovv d14¢popec AGELC.



Aévopa Merkle

> Aévdpo Merkle pe 16050 x1, X9, . . ., Xs: VO SOLOSIKO OEVOPO e PUAAOL TOL
X1, ..., X KOL ECOTEPIKOVS KOPPOVE TIG TYES GUVOYNC TOV TOUOLDV TOV.

| H(x,.1,) | | Hx,.x,) |H(x7 X, )|
VAN
EXIENIEN I EN I BN BN BN BN

ymua: Aévdpo Merkle

» [0 doopévn cuvaptnon cdvoyng H, cupforilovpe pe M7,
GLVAPTNON TTOL e €160J0 Ta X1, . . . , Xz, VITOAOYILEL TO OEVOpO Merkle kat
1 pila Tov dévdpov.



Aévopa Merkle

Oeopnuo

Eotw (Geny, H) oovdptnon abvoyng eAedbepn ovykpovoewv. Tote kai i
(Geng, MT,) eivau eAedOepn ovyrpovoewv yio kdle oTabepo t.



Aévopa Merkle

» O ypnotng vroroyilerto h = MT(x1,...,x;), avepalet ta x1, ..., x;
GTOV server Kot amodnkevet to A (ko to ¢)

P> Otav o yprotng BENeL T i-00TO apyeio, 0 server Tov 6TEAVEL TO X; Hall pe
pio “amddelén” m; 6Tl gival To0 coTo apyeio

> H anddeign amoteAeiton amod Tig TYEG OV vl YEITOVIKEG GTO LOVOTATL
omd 10 x; Tpog T pila.

Hapaderypo 'Ecto 6t1 {ntdet 1o x3. ToOTE 0 server Tov otéAvel 10 x3 poli kot
00 X4, P12, h5.8



Aévopa Merkle

> Av 1 H eival ehedBepn cvykpovcemv, Tote givatl adhvoto o server vo.
oteilel yebTko apyeio (kot amddelsn) mov vo exainfevetat.

» O ypnotg ypetdleton otabepd ydpo kot O(log ¢) emkovmvia pe Tov
server yio vo TépeL To apyeio.

> Inueioon: Zvvh0og éxovpe Tig hash TYEG TV X; 6TA PUALN TOL dEVOPOV.



XPNOELS GLVOPTIIGEMV GUVOYNG

v

vVvyyvyy

YNoloKéc VToyYpOQES. e GUVOLAGHO LE OAYOPLOLO VTOYPUENGC, Y10
gmtdyvvon g dadikaciog. [apadeiypoata: MDS, mov ypnoyomoteitol
ue RSA oto PGP, SHA-1 (tdpa SHA-2), mov ypnoonoteitar oto DSS
(Digital Signature Standard), «.4.

"EXeyyog yvnootntag umvopotog — ovbeviikonoinon (Le CUUUETPIKO

KAedl): keyed hash functions, n.y. HMAC.
Axeporotnta dedopévev ([ 1 yoplc KAO1).
: blockchain, proof of work, Merkle trees.
Tevvtpieg ywevdotuyaiov apBuodv (pe random seed + counter).
Stream ciphers, aAAd kot block ciphers (SHACAL).
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